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Reaction-Diffusion inequalities in Cones 
V. LAKSHMIKANTHAM* AND RANDY VAUGHN 
Department of Mathematics, University of Texas at Arlington, Arlington, Texas 76019 
Recently there has been a growing interest in the study of nonlinear reaction- 
diffusion equations [2, 3, 4, 71 because of the fact examples of such equations 
occur in population genetics [2, 5, 12, 131, nuclear and chemical reactors [2,7,8], 
conduction of nerve impulses [l , 7, 151, and several other biological models 
[l, 6, 151. As is the case of ordinary differential equations [9, IO], it is natural 
to expect that the theory of reaction-diffusion inequalities and comparison 
theorems will play a prominant role in this study. In this paper, we consider 
reaction-diffusion equations which are weakly coupled relative to an arbitrary 
cone. We prove a result on flow-invariance which is then utilized to obtain 
a useful comparison theorem and a theorem on differential inequalities. The 
results obtained are applied to simple reaction diffusion equations to derive 
positivity of solutions, upper and lower bounds and stability properties. Finally 
we demonstrate by means of a simple example that working with a suitable 
cone other than R,N . IS more advantageous in the investigation of equations of 
reaction-diffusion. 
1. MAIN RESULTS 
Let Q be a bounded domain in R” having the interior sphere property, that 
is, each x E 82, boundary of Q, is on the surface of a closed sphere S C Q such 
that S n ?X? = x. 
A proper subset K of RN is called a solid cone if (i) aK C K, h -2 0, 
(ii) K + K C K, (iii) K = K, (iv) K n K = (0) and (v) K” is nonempty. Here 
K” denotes interior of K and R the closure of K. 
The cone K induces the ordering relation on RN defined by 
u<v iff v-UEK and U<V iff v-UEKO. 
The set K* defined by K* = [+ E RN: 4(x) > 0 for all x G K] satisfies the 
properties (i) to (v) and is called the adjoint cone. Let us note that K = (K*)*, 
x E K” iff d(x) > 0 for all $ E K$ and x E &Y iff 4(X) = 0 for some f$ E Kt, 
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where K,, = K - (0). A set SC K* is said to generate the cone K if 
K = n [cd: 4 E S], where cd = [U E RN: $(u) > 0, $ is a positive functional]. 
We shall assume that S generates the cone. 
A function f (u) is said to be quasimonotone nondecreasing in u relative to K 
if for any u, v E RN and $ E S such that 
u < v, 404 = YvJh we have +(f (4) d C(f W. 
Let us consider the following parabolic differential system which is weakly 
coupled relative to the cone K; namely, 
where 
and FE C[R+ x a x RN, RN]. Together with (l.l), we consider the initial 
condition 
4074 = %3(x), XE:sz; (14 
and the Neumann boundary condition 
$t, x) = 0 on (0, 00) x m, (1.3) 
where 7 is the outward normal on aJ2. 
We shall always assume that D has the interior sphere property, K is a solid 
cone and for each 4 E S, L, is uniformly elliptic with bounded coefficients. 
A solution u(t, x) of (1.1) to (1.3) is said to be stable under truncation if 
there is a sequence {uj(r, x)} of solutions of (1.1) to (1.3) and a sequence {$}, 
& > 0, & + 0 as i-+ co, such that u,(O, X) E Qal = [u E RN: u < -&I for 
x E a and &(t, x)} converges pointwise to u(t, X) on R, x Sz. 
A closed set H C RN is said to be flow-invariant relative to the system (I .I) 
to (1.3) if for every solution u(t, X) of (1.1) to (1.3) which is stable under trunca- 
tion, we have 
U,(X)EH, XEQ implies u(t, x) E H on R, x a. 
We need the following assumptions: 
(H,) For + E S and (t, x) E (0, co) x G, u, et E RN, 
I q&W, x, u) - W, x, v>)l ,< N I #(u - 41, 
whenever v is such that 4(u) # 4(v) and 4(u) = $(v) for all I$ E S except 4. 
Here N is assumed to be independent of (t, X, u, v, 4). 
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(HJ For any 4 E S, #(F(r, X, a)) < 0, (t, X, U) E R, x i? x g 
where Q = [u: u < 01, whenever $(u) = 0. 
We shall begin by proving the following result on flow-invariance. 
THEOREM 1.1. If the conditions (H,) and (Ha) hold, then the cZosed set & is 
flow inwuriunt velutive to system (1.1) to (1.3). 
Proof. Consider any compact set [0, T] C R, and suppose that for some 
6 > 0, we have ~(0, x) E Q6 , x E a. Let / be the set of s such that u(t, X) E Q 
for (t, X) E [0, s] x D. J is nonempty since 0 E J. Also, from the continuity of 
u(t, X) and the compactness of 0, it follows that J is an interval and it is open 
in [0, 2’1. Hence to show that J = [0, T], it is enough to show that [0, s) C J 
implies [0, s] C J. For this purpose, we observe that since [0, s) C J, we have 
u(t, z) E Q for (t, X) E [0, s) x a. We shall show that u(t, X) E Q for 
(t, x) E [O, s] x A 
For any q5 E S, we let m(t, X) = +(u(t, x)). Then using the conditions (Hi) 
and (H,) with u = u(t, x) and w E RN such that $(v) = 0, 4(u) = #(v) for all 
y% E S except (5, we obtain for [0, s] x a, 
m, < L,m + 4(F(t, x, U)) - cb(F(t, Xp c)) 
<LL,m$N/mI =L,m-Nm. 
Also, m(0, X) < 0, x E J2 and am/&(t, X) = 0 on a52. It then follows from the 
strong maximum principle [14] that m(t, X) < 0 for (t, x) E [0, s] x 51. Thus 
[0, T] = J and if ~(0, x) E Q, , then u(t, x) E Q on [0, T] x Q. If u(t, X) is a 
solution of (1.1) to (1.3) which is stable under truncation, then it is the limit 
of solutions (u,(t, x)} with ~~(0, x) E Qsi and hence u(t, X) E Q for (t, X) E 
[0, T] x D. Since this is valid for every compact subset [0, T] of R; , the proof 
of the theorem is complete. 
In some situations the flow invariance of the closed set w where W = 
[U E RN: a < u < b, a, b E RN] relative to the system (1.1) to (1.3) is important. 
This requires a modification of (H,), namely 
(Hs) For any 4 E S and for all (t, X, U) E R, x a x W, 
$(F(t, X, u)) < 0 if d(u) = $(b) and 
NW, x, 4) 2 0 if d(u) = &). 
We then have the following corollary which can be proved by applying Theo- 
rem 1.1 to u - b and a - u respectively relative to Q. 
COROLLARY 1.1. If (H,) and (H,) hold, then the closed W is Jlow-invariant 
relative to system (1.1) to (1.3). 
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A comparison theorem for the solutions of (1.1) to (1.3) will now be proved, 
which is useful in applications. 
THEOREM 1.2. Assume that 
(i) g, ,g, E C[R+ x RN, RN], gl(t, y), gz(t, y) are quasimonotone non- 
decreasing in y relative to K and for (t, x, FJ) E R, x G X RN, 
g,(t, u) < F(t, x7 u) G g&t 4; 
(ii) The condition (HI) holds; 
(iii) y(t, %); p(t, Yv’o) are the maximal and minimal solutions of y’ = gl(t, y), 
~(0) = 5 andy’ = a& Y>, ~(0) = g p respectively existing 012 [0, Co). 
Then if u(t, x) is any solution of (1.1) to (1.3) which is stable under truncation 
such that y0 < z+,(x) < j$ , x E a, we have - 
(14 
Proof. Consider the function z(t, X) = u(t, X) - r(t, &) so that 
where E(t, X, z) = F(t, x, z + Y) - gl(t, Y). Note that ~(0, x) = U,,(X) - y; on 
a and Lk/&(t, x) = 0 on (0, co) x 8Q. To prove the right inequality in (1.4), 
it is enough to show that #(a) < 0 for all 4 E S. We wish to apply Theorem 1.1 
io the solutions z of (1.5). W e note that if +(a) = 0 for + E S and a < 0, then 
by the quasimonotonicity of gl(t, y), we have $(gl(t, z + Y)) < $(gl(t, Y)). 
Hence 
whenever +(a) = 0, (t, x, a) E R, x s x g. Moreover, for 4 E S, 
whenever 4(z) # 4(E) and +(z) = JI(f> f or all +!J E S except 4, in view of (HI). 
Since all the hypothesis of Theorem 1.1 are satisfied relative to system (1.5), 
we conclude z(t, X) < 0 on R, x Liz. A similar argument proves the left 
inequality of (1.4). This completes the proof. 
COROLLARY 1.2. If W is flow invariant relative to system (1 .I) to (1.3), then 
there exist functions g, , g, satisfying the assumption (i) of Theorem 1.2. 
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Pro+. We can construct g, , g, as follows: for f#~ E S, 
+w, 4) = suP[#(F(tY X, u): x E G, a < z, < u with $(u) = 4(u)] 
and 
+tg&, 4) = infW% X, u): x E 0, u < v < b with $(u) = 4(w)]. 
It is clear that the functions gr(t, u), gz(t, u) are quasimonotone non-decreasing 
in u relative to K. 
The result contained in Corollaries 1.1 and 1.2 generalize similar results in [4]. 
In fact, we became aware of the work in [4, 51 after the completion of our work 
[l l] where we treat the Dirichlet problem. 
We shall next apply Theorem 1.1 to prove a result on differential inequalities. 
THEOREM 1.3. Assume that 
(i) U, v E C[R+ x a, RN], ut , vt , u, , vu, , u,, , vz2. exist and are con- 
tinuous on (0, co) x 52, 
(ii) for + E S, 
(iii) F(t, x, u) is quasimotwtone nondecreasing in u relative to K and the 
condition (Hi) holds. 
Then ~(0, x) < u(0, x) on Q ad i3u/&-(t, x) = h/&(t, x) on (0, 00) X &2, 
imply the inequality, u(t, x) < o(t, x) un R, x $ proaided u(t, x), v(t, x) are 
stable under truncation. 
Proof. We set m(t, x) = u(t, x) - v(t, X) and note that m(t, X) is a solution 
Of 
4(m) = -km + +tE(t, x, ml), C E S, (1.6) 
Where fl(t, x, m) = F(t, x, v + m) - F(t, x, w) + q(t, x), 
with m(0, x) = ~(0, x) - ~(0, X) on 8 and am/&(t, x) = 0 on (0, co) x 8.Q. 
We wish to apply Theorem 1 .l to the solutions of (1.6). As before, if $(m) = 0 
for + E S and m < 0, then by the quasimonotonicity of F(t, x, u) in u, we obtain 
+(F(t, X, v + n)) < $(F(t, X, v)). Consequently, 
#It, *, 4) < WV, x, a) - F(t, x, v)) + +(q(t, $1 d 0. 
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Furthermore, for 4 E S, if fi is such that +(fi) # +(m) and $(tii) = 4(m) for all 
# E S except 4, then 
Thus P satisfies the assumptions (H,) and (H,). This implies by Theorem 1.1 
that m(t, X) < 0 on R, x 0 which proves the theorem. 
2. APPLICATIONS 
Let us consider a weakly coupled system of reaction-diffusion equations 
ut = A du + F(t, u), (2.1) 
in R, x D with the initial condition 
and the Neumann boundary condition 
g (t, x) = 0 on (0, co) x 852. (2.3) 
In (2.1) d denotes the Laplace operator in x E Rn, u, F, u,, E RN and A is a 
diagonal matrix. Equations of the type (2.1) have been very important in the 
modeling and study of population growth and nuclear and chemical reactions 
[l, 2, 5-8, 12, 13, 151. For example, u(t, X) may represent the concentration of 
the chemical at time t and x. The boundary condition (2.3) means that no 
chemical flows in or out of the boundary %J. In population growth, this boundary 
condition implies that there is no migration across the boundary. 
Consider the cone K = R+N = [ZJ E RN: ui > 0, i = 1,2,..., Nj, Clearly the 
set S = [+ E K*: 4(u) = ui , i = 1,2,..., N] C K* generates the cone K. We 
note that the weak coupling of the system (2.1) suggests the choice of this 
special cone. Thus the inequality u < v implies the component-wise inequalities 
ui < vi , i = 1, 2 ,..., N. 
One of the simplest results that can be derived from the results of Section 1, 
concerning the problem (2.1) to (2.3) is the following. 
THEOREM 2.1. Assume that FE C[R+ x RN, RN] and F(t, u) is Lipschitzian 
in u. Suppose that A > 0 and that u(t, x) is any solution of (2.1) to (2.3) which is 
stable under truncation. Then 
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(a) if ui=O, u,>,O, j#i, j=l,2 ,..., N, imp&s F,(t,u)>O, then 
u(t, x) 2 0 on R, x oprowided z+,(x) >, 0 on a; 
(b) if F(t, u) is quasimonotone nondecreasing in u, that is, for each i, 
F,(t, u1 ,..., ut ,..., uN) is nondecreasing in Us , j # i, and if the solutions r(t, g), 
p(t, yo) ofy’ = F(t, uf, - m-th r(O,SJ = 5 T ~(0, ~~1 = & exist on [O, co), then 
At, h) d 44 4 < r(4 5) on R, x 8, 
provided y,, < q,(x) < y0 on 0. - 
(c) ifF(t, u) is quas imonotone nondecreasing in u, F(t, 0) = 0, then 0 < u,,(x) 
olt a imp&es u(t, x) 3 0 on R, x Q, 0 < u,,(x) on 0 imp&es u(t, x) > 0 on 
R, x a, and 0 < ue(x) < y0 on D implies 0 < u(t, x) < r(t, ya) on R, x D. 
Proof. The conclusion (a) follows from Theorem 1.1 with g = R+N. 
Theorem 1.2 yields (b) with the choice of g, = g, = F. Uniqueness of solutions 
of y’ = F(t, y) and the fact F(t, 0) = 0 implies (c). 
Suppose that F(t, u) is not quasimonotone in u. If the closed set m, (see 
Corollary l.l), is flow-invariant with respect to the system (2.1) to (2.3), then 
by Corollary 1.2 there exist functions g, , g, satisfying the condition (i) of 
Theorem 1.2. Since K = R+N, in the present situation, W = [u E RN: 
ai < ui < bi , i = 1,2 ,..., NJ Hence one can make conclusions similar to the 
forgoing claims. It is also clear from (c) that the stability properties of the 
trivial solution y = 0 of y’ = gl(t, y) imply the corresponding stability proper- 
ties of the zero solution u = 0 of (2.1) to (2.3) with u,,(x) z 0 on 0. 
Let us next demonstrate the advantage of employing an appropriate cone 
other than R,N in the study of reaction-diffusion equations. 
Consider the following two system 
au, (II at = cya,Au, + (aZ - a,) Au, + F,(t, au1 - u2 , u+J -k F*(t, au1 - u2 1 us), 
au2 
(2.4) 
- = a2Au2 + F,(t, q - u2 , u2), at 
where a, , a2 > 0, 01 > 0, FE C[R+ x R2, Rs]. Clearly this system is not 
weakly coupled in the sense of system (2.1). Furthermore, suppose we notice 
thatF(t, u) is not quasimonotone in IL = (u r , u2) as defined in (b) of Theorem 2.1. 
This implies that if we choose to work relative to the cone R.+2, we cannot 
draw any conclusions as in Theorem 2.1. However, if we consider the cone 
K = [u E RZ: u2 Z 0 and u2 < C&J and note that S = [& &(u) = a1 - uQ 
and &(u) = us] generates the cone, then the system (2.4) can be written as 
gt awl- ~2) = w+u, - ~2) + F,(t, aul- ~2 , 24, 
au 
2 = a,Au, + F,(t, au1 - u2, u.J. at 
(2.5) 
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It is easy to see that the system (2.5) is weakly coupled relative to K. We there- 
fore have the following result as a consequence of Theorem 1.2. With the 
choice F = g, = g, . 
THEOREM 2.2. Let (H,) hold and F(t, u) is quasimonotone nondecreasing in u 
relative to K. Then, if u(t, x) is any sohtion of (2.9, (2.2) and (2.3) which is stable 
under truncation, we have on R, x a, 
provided 
ay10 - yzo G “%oM - u,o@) d 450 - 320 7 
y20 G ~2064 GY20 - 
(2.7) 
The inequalities (2.6) yield, in view of the fact KC R+2, 
fl(4 &I) d %(4 4 < r,(t, To), 
f2k yo) < u,(t, 4 G r2(t, $1 on 4. x on, 
whenever (2.7) holds. 
We note that if F is not quasimonotone in Theorem 2.2, we can find quasi- 
monotone functions g, , g, as in Corollary 1.2. 
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